A (d-parameter) basic nilsequence is a sequence of the form ψ(n) = f (a n x), n ∈ Z d , where x is a point of a compact nilmanifold X, a is a translation on X, and f ∈ C(X); a nilsequence is a uniform limit of basic nilsequences. If X = G/Γ be a compact nilmanifold, Y is a subnilmanifold of X, (g(n)) n∈Z d is a polynomial sequence in G, and f ∈ C(X), we show that the sequence ϕ(n) = g(n)Y f is the sum of a basic nilsequence and a sequence that converges to zero in uniform density (a null-sequence). We also show that an integral of a family of nilsequences is a nilsequence plus a null-sequence. We deduce that for any invertible finite measure preserving system (W, B, µ, T ), polynomials p 1 , . . . , p k :
Introduction
Throughout the whole paper we will deal with "multiparameter sequences", -we fix d ∈ N and under "a sequence" will usually understand "a two-sided d-parameter sequence", that is, a mapping with domain Z d . A (compact) r-step nilmanifold X is a factor space G/Γ, where G is an r-step nilpotent (not necessarily connected) Lie group and Γ is a discrete co-compact subgroup of G. Elements of G act on X by translations; an (r-step) nilsystem is an (r-step) nilmanifold X = G/Γ with a translation a ∈ G on it.
A basic r-step nilsequence is a sequence of the form ψ(n) = f (η(n)x), n ∈ Z d , where x is a point of an r-step nilmanifold X = G/Γ, η is a homomorphism Z d −→ G, and f ∈ C(X); an r-step nilsequence is a uniform limit of basic r-step nilsequences. The algebra of nilsequences is a natural generalization of Weyl's algebra of almost periodic sequences, which are just 1-step nilsequences. An "inner" characterization of nilsequences, in terms of their properties, is obtained in [HKM] ; see also [HK2] .
The term "nilsequence" was introduced in [BHK] , where it was proved that for any ergodic finite measure preserving system (W, B, µ, T ), positive integer k, and sets A 1 , . . . , A k ∈ B the multiple correlation sequence ϕ(n) = µ T n A 1 ∩ . . . ∩ T kn A k , n ∈ N, is a sum of a nilsequence and of a sequence that tends to zero in uniform density in Z d , a null-sequence. Our goal in this paper is to generalize this result to multiparameter polynomial multiple correlation sequences and general (non-ergodic) systems. We prove (in Section 5):
Theorem 0.1. Let (W, B, µ, T ) be an invertible measure preserving system with µ(W ) < ∞, let p 1 , . . . , p k be polynomials Z d −→ Z, and let A 1 , . . . , A k ∈ B. Then the "multiple polynomial correlation sequence" ϕ(n) = µ T p 1 (n) A 1 ∩ . . . ∩ T p k (n) A k , n ∈ Z d , is a sum of a nilsequence and a null-sequence.
(In [L6] this theorem was proved in the case d = 1 and ergodic T .)
Based on the theory of nil-factors developed in [HK] and, independently, in [Z] , it is shown in [L3] that nilsystems are characteristic for multiple polynomial correlation sequences induced by ergodic systems, in the sense that, up to a null-sequence and an arbitrarily small sequence, any such correlation sequence comes from a nilsystem. This reduces the problem of studying "ergodic" multiple polynomial correlation sequences to nilsystems.
Let X = G/Γ be a connected nilmanifold, let Y be a connected subnilmanifold of X, and let g be a polynomial sequence in G, that is, a mapping Z d −→ G of the form g(n) = a p 1 (n) 1
. . . a p r (n) r , n ∈ Z d , where a 1 , . . . , a r ∈ G and p 1 , . . . , p r are polynomials Z d −→ Z. We investigate (in Section 3) the behavior of the sequence g(n)Y of subnilmanifolds of X: we show that there is a subnilmanifold Z of X, containing Y , such that the sequence g(n) only shifts Z along X, without distorting it, whereas, outside of a null-set of n ∈ Z d , g(n)Y becomes more and more "dense" in g(n)Z:
Proposition 0.2. Assume (as we can) that the orbit g(n)Y , n ∈ Z d , is dense in X, and let Z be the normal closure (in the algebraic sense; see below) of Y in X. Then for any f ∈ C(X), the sequence λ(n) = g(n)Y f − g(n)Z f , n ∈ Z d , is a null-sequence.
(Here and below, E(f |X ′ ) stands for the conditional expectation of a function f ∈ L 1 (X) with respect to a factor X ′ of X.) So, the sequence g(n)Z f is a basic nilseqeunce, and we obtain:
, is the sum of a basic nilsequence and a null-sequence.
Applying this result to the diagonal Y of the power X k of the nilmanifold X, the polynomial sequence g(n) = (a p 1 (n) , . . . , a p k (n) ), n ∈ Z d , in G k , and the function f = 1 A 1 ⊗ . . . ⊗ 1 A k , we obtain Theorem 0.1 in the ergodic case. Our next step (Section 4) is to extend this result to the case of a non-ergodic T . Using the ergodic decomposition W −→ Ω of T we obtain a measurable mapping from Ω to the space of nilsequences-plus-null-sequences, which we then have to integrate over Ω. The integral of a family of null-sequences is a null-sequence, and creates no trouble. As for nilsequences, when we integrate them we arrive at the following problem: if X = G/Γ is a nilmanifold, with π: G −→ X being the factor mapping, and ρ(a), a ∈ G, is a finite Borel measure on G, what is the limiting behavior of the measures π * (ρ(a n )) on X? (This is the question corresponding to the case d = 1; for d ≥ 2 it is slightly more complicated.) We show that this sequence of measures tends to a linear combination of Haar measures on (countably many) subnilmanifolds of X, which are normal (and so travel, without distortion) in the closure of their orbits, and we again obtain: Proposition 0.4. For any f ∈ C(X), the sequence ϕ(n) = G f (π(a n )) dρ(a), n ∈ Z, is a sum of a basic nilsequence and a null-sequence.
(This proposition is a "nilpotent" extension of the following classical fact: if ρ is a finite Borel measure on the 1-dimensional torus T, then its Fourier transform ϕ(n) = T e −2πinx dρ(x) is the sum of an almost periodic sequence (a 1-step nilsequence; it corresponds to the atomic part of ρ) and a null-sequence (that corresponds to the non-atomic part of ρ).)
As a corollary, we obtain the remaining ingredient of the proof of Theorem 0.1:
Theorem 0.5. Let Ω be a measure space and let ϕ ω , ω ∈ Ω, be an integrable family of nilsequences; then the sequence ϕ(n) = Ω ϕ ω (n) is a sum of a nilsequence and a nullsequence.
Let us also mention generalized (or bracket) polynomials, -the functions constructed from ordinary polynomials using the operations of addition, multiplication, and taking the integer part, [·] . (For example,
, where p i are ordinary polynomials, is a generalized polynomial.) Generalized polynomials (gps) appear quite often (for example, the fractional part, and the distance to the nearest integer, of an ordinary polynomial are gps); they were systematically studied in [Hå1] , [Hå2] , [BL] , and [L7] . Because of their simple definition, gps are nice objects to deal with. On the other hand, similarly to nilsequences, gps come from nilsystems: bounded gps (on Z d , in our case) are exactly the sequences of the form h(g(n)x), n ∈ Z d , where h is a piecewise polynomial function on a nilmanifold X = G/Γ, x ∈ X, and g is a polynomial sequence in G (see [BL] or [L7] ). Since any continuous function is uniformly approximable by piecewise polynomial functions (this follows by an application of the Weierstrass theorem in the fundamental domain of X), nilsequences are uniformly approximable by generalized polynomials. We obtain as a corollary that any multiple polynomial correlation sequence is, up to a null-sequence, uniformly approximable by generalized polynomials.
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Nilmanifolds
In this section we collect the facts about nilmanifolds that we will need below; details and proofs can be found in [M] , [L1] , [L2] , [L4] .
Throughout the paper, X = G/Γ will be a compact nilmanifold, where G is a nilpotent Lie group and Γ is a discrete subgroup of G, and π will denote the factor mapping G −→ X. By 1 X we will denote the point π(1 G ) of X. By µ X we will denote the normalized Haar measure on X.
By G c we will denote the identity component of G. Note that if G is disconnected, X can be interpreted as a nilmanifold,
If X is connected and we study the action on X of a sequence g(n), g: Z d −→ G, we may always assume that G is generated by G c and the range g (Z d ) of g. Thus, we may (and will) assume that the group G/G c is finitely generated.
Every nilpotent Lie group G is a factor of a torsion free nilpotent Lie group. (As such, a suitable "free nilpotent Lie group" F can be taken. If G c has k 1 generators, G/G c has k 2 generators, and G is r-step nilpotent, then F = F /F r+1 , where F is the free product of k 1 copies of R and k 2 copies of Z, and F r+1 is the (r + 1)st term of the lower central series of F .) Thus, we may always assume that G is torsion-free. The identity component G c of G is then an exponential Lie group, and for every element a ∈ G c there exists a (unique) one-parametric subgroup a t such that a 1 = a. If G is torsion free, it possesses a Malcev basis compatible with Γ, which is a finite set {e 1 , . . . , e k } of elements of Γ, with e 1 , . . . , e k 1 ∈ G c and e k 1 +1 , . . . , e k ∈ G c , such that every element a ∈ G can be uniquely written in the form a = e u 1 1 . . . e u k k with u 1 , . . . , u k 1 ∈ R and u k 1 +1 , . . . , u k ∈ Z, and with a ∈ Γ iff u 1 , . . . , u k ∈ Z; we call u 1 , . . . , u k the coordinates of a. Thus, Malcev coordinates define a homeomorphism
The multiplication in G is defined by the (finite) multiplication table for the Malcev basis of G, whose entries are integers; it follows that there are only countably many nonisomorphic nilpotent Lie groups with cocompact discrete subgroups, and countably many non-isomorphic compact nilmanifolds.
Let X be connected. Then, under the identification G c ↔ R k 1 , the cube [0, 1) k 1 is the fundamental domain of X. We will call the closed cube Q = [0, 1] k 1 the fundamental cube of X in G c and simetimes identify X with Q. When X is identified with its fundamental cube Q, the measure µ X corresponds to the standard Lebesgue measure µ Q on Q.
In Malcev coordinates, multiplication in G is a polynomial operation: there are polynomials q 1 , . . . , q k in 2k variables with rational coefficients such that for a = e
. This implies that "life is polynomial" in nilpotent Lie groups: in coordinates, homomorphisms between these groups are polynomial mappings, and connected closed subgroups of such groups are images of polynomial mappings and are defined by systems of polynomial equations.
A subnilmanifold Y of X is a closed subset of the form Y = Hx, where H is a closed subgroup of G and x ∈ X. For a closed subgroup H of G, the set π(H) = H1 X is closed (and so, is a subnilmanifold) iff the subgroup Γ ∩ H is co-compact in H; we will call the subgroup H with this property rational. Any subnilmanifold Y of X has the form π(aH) = aπ(H), where H is a closed rational subgroup of G.
If Y is a subnilmanifold of X with 1 X ∈ Y , then H = π −1 (Y ) is a closed subgroup of G, and Y = π(H) = H1 X . H, however, does not have to be the minimal subgroup with this property: if Y is connected, then the identity component H c of H also satisfies
The intersection of two subnilmanifolds is a subnilmanifold (if nonempty). Given a subnilmanifold Y of X, by µ Y we will denote the normalized Haar measure on Y . Translations of subnilmanifods are measure preserving: we have a * µ Y = µ aY for all a ∈ G. Let Z be a subnilmanifold of X, Z = Lx, where L is a closed subgroup of G. We say that Z is normal if L is normal. In this case the nilmanifold X = X/Z = G/(LΓ) is defined, and X splits into a disjoint union of fibers of the factor mapping
If H is a closed rational subgroup of G then its normal closure L (the minimal normal subgroup of G containing H) is also closed and rational, thus Z = π(L) is a subnilmanifold of X. We will call Z the normal closure of the subnilmanifold Y = π(H). If L is normal then the identity component of L is also normal; this implies that the normal closure of a connected subnilmanifold is connected.
If X is connected, the maximal factor-torus of X is the torus [G c , G c ] \X, and the nilmaximal factor-torus is [G, G] \X. The nil-maximal factor-torus is a factor of the maximal one.
If η:
, is dense, and so, well distributed in X iff the image of this sequence is dense in the nil-maximal factor-torus of X. All the same is true for the orbit of any subnilmanifold Y of X: the closure of
, is well distributed in W (this means that for any function f ∈ C(W ) and any Følner sequence (
and, in the case X is connected, the sequence η(n)Y is well distributed in X iff its image is dense in the nil-maximal factor-torus of X.
A polynomial sequence in G is a sequence of the form g(n) = a
Let g be a polynomial sequence in G and let x ∈ X. Then the closure V of the orbit g (Z d )x is a finite disjoint union of connected subnilmanifolds of X, and g(n)x visits these subnilmanifolds periodically: there exists l ∈ N such that for any i ∈ Z d , all the elements g(lm
In the case X is connected, the sequence g(n)x, n ∈ Z d , is dense, and so, well distributed in X iff the image of this sequence is dense in the maximal factor-torus of X. All the same is true for the orbit g (Z d )Y of any connected subnilmanifold Y of X under the action of g: its closure W is a finite disjoint union of connected subnilmanifolds of X, visited periodically; if W is connected, then the sequence g(n)Y , n ∈ Z d , is well distributed in W ; and, if X is connected, the sequence g(n)Y is well distributed in X iff its image is dense in the maximal factor-torus of X.
The following proposition, which is a corollary (of a special case) of the result obtained in [GT] , says that "almost every" subnilmanifold of X is distributed in X "quite uniformly". (See Appendix in [L6] for details.) Proposition 1.1. Let X be connected. For any C > 0 and any ε > 0 there are finitely many subnilmanifolds V 1 , . . . , V r of X, connected and containing 1 X , such that for any connected subnilmanifold
(This is in complete analogy with the situation on tori: if X is a torus, for any ε > 0 there are only finitely many subtori V 1 , . . . , V r such that any subtorus Y of X that contains 0 and is not contained in r i=1 V i is ε-dense and "ε-uniformly distributed" in X.)
Nilsequences, null-sequences, and generalized polynomials
We will deal with the space l
, where x is a point of an r-step nilmanifold X = G/Γ, η is a homomorphism Z d −→ G, and f ∈ C(X). We will denote the algebra of basic r-step nilsequences by N by N r , and the closure of N o by N ; the elements of these algebras will be called r-step nilsequences and, respectively, nilsequences.
Given a polynomial sequence g(n) = a
, in a nilpotent group with deg p i ≤ s for all i, we will say that g has naive degree ≤ s. (The term "degree" was already reserved for another parameter of a polynomial sequence.) We will call a sequence of the form ψ(n) = f (g(n)x), where x is a point of an r-step nilmanifold X = G/Γ, g is a polynomial sequence of naive degree ≤ s in G, and f ∈ C(X), a basic polynomial r-step nilsequence of degree ≤ s. We will denote the algebra of basic polynomial r-step nilsequences of degree ≤ s by N o r,s and the closure of this algebra in l ∞ by N r,s . It is shown in [L2] (see proof of Theorem B * ) that any basic polynomial r-step nilsequence of degree ≤ s is a basic l-step nilsequence, where l = 2rs; we introduce this notion here only in order to keep trace of the parameters r, s of the "origination" of a nilsequence. So, for any r and s, N We will also need the following lemma, saying, informally, that the operation of "alternation" of sequences preserves the algebras of nilsequences:
Proof. Put I = {0, . . . , k − 1} d . For each i ∈ I, let X i = G i /Γ i be the r-step nilmanifold, g i be the polynomial sequence in G i of naive degree ≤ s, x i ∈ X i be the point, and
If, for some i, G i is not connected, it is a factor-group of a free r-step nilpotent group with both continuous and discrete generators, which, in its turn, is a subgroup of a free r-step nilpotent group with only continuous generators; thus after replacing, if needed, X i by a larger nilmanifold and extending f i to a continuous function on this nilmanifold we may assume that every G i is connected and simply-connected. In this case for any element b ∈ G i and any l ∈ N an l-th root b 1/l exists in G i , and thus the polynomial sequence b p(n) in G i makes sense even if a polynomial p has non-integer rational coefficients. Thus, for each i ∈ I we may construct a polynomial sequence g ′ i in G i , of the same naive degree as g i , such that g
and f i, (y i , i ∈ I) = f i (y i ) for (i, (y i , i ∈ I)) ∈ X. Then X is an r-step nilmanifold, f ∈ C(X), and thus the sequence
space Ω converges to ω ∈ Ω in uniform density if for every neighborhood U of ω the set {n ∈ Z d : ω n ∈ U } is of uniform density zero. We will say that a sequence λ ∈ l ∞ is a null-sequence if it tends to zero in uniform density. This is equivalent to lim N→∞
, and is also equivalent to lim N→∞
We will denote the set of (bounded) null-sequences by Z. Z is a closed ideal in l ∞ . The algebra Z is orthogonal to the algebra N in the following sense:
Lemma 2.2. For any ψ ∈ N and λ ∈ Z, ψ + λ ≥ ψ .
Proof. Let c ≥ ψ + λ . Nilsystems are distal systems (see, for example, [L1] ), which implies that every point returns to any its neighborhood regularly. It follows that if |ψ(n)| > c for some n, then the set n ∈ Z d : |ψ(n) > c| has positive lower density, and then ψ(n) + λ(n) > c for some n, contradiction. Hence, |ψ(n)| ≤ c for all n. Proof. If a sequence (ψ n + λ n ) with ψ n ∈ N , λ n ∈ Z, converges to ϕ ∈ l ∞ , then since ψ n ≤ ψ n + λ n for all n, the sequence (ψ n ) is Cauchy, and so converges to some ψ ∈ N . Then (λ n ) also converges, to some λ ∈ Z, and so ϕ = ψ + λ ∈ M. All the same is true for M r and M r,s , instead of M, for all r and s.
For ϕ 1 = ψ 1 + λ 1 and ϕ 2 = ψ 2 + λ 2 with ψ 1 , ψ 2 ∈ N and λ 1 , λ 2 ∈ Z we have ψ 1 − ψ 2 ≤ ϕ 1 − ϕ 2 , so the projection M −→ N , ψ + λ → ψ, is continuous, and so the projection M −→ Z, ψ + λ → λ, is also continuous.
Generalized polynomials on Z
d are the functions on Z d constructed from ordinary polynomials using the operations of addition, multiplication, and the operation of taking the integer part. A function h on a nilmanifold X is said to be piecewise polynomial if it can be represented in the form h(x) = q i (x), x ∈ Q i , i = 1, . . . , k, where X = k i=1 Q i is a finite partition of X and, in Malcev coordinates on X, for every i the set Q i is defined by a system of polynomial inequalities and q i is a polynomial function. (Since multiplication in a nilpotent Lie group is polynomial, this definition does not depend on the choice of coordinates on X; see [BL] .) It was shown in [BL] (and also, in a simpler way, in [L7] ), that a sequence υ ∈ l ∞ is a generalized polynomial iff there is a nilmanifold X = G/Γ, a piecewise polynomial function h on X, a polynomial sequence g in G, and a point x ∈ X such that υ(n) = h(g(n)x), n ∈ Z d . Let P o be the algebra of bounded generalized polynomials on Z d and P be the closure of P o in l ∞ . Since (by the Weierstrass approximation theorem) any continuous function on a compact nilmanifold X is uniformly approximable by piecewise polynomial functions, any basic nilsequence is uniformly approximable by bounded generalized polynomials, and so, is contained in P. Hence, N ⊂ P, and M ⊂ P + Z. The inverse inclusion does not hold, since not all piecewise polynomial functions are uniformly approximable by continuous functions; however, they are -on the complement of a set of arbitrarily small measure, which implies that generalized polynomials are also approximable by nilsequences, -in a certain weaker topology in l ∞ .
Distribution of a polynomial sequence of subnilmanifolds
Let Y be a connected subnilmanifold of the (connected) nilmanifold X, and let g(n), n ∈ Z d , be a polynomials sequence in G. We will investigate how the sequence g(n)Y of sunilmanifolds of X is distributed in X.
Proposition 3.1. Let X = G/Γ be a connected nilmanifold, let Y be a connected subnilmanifold of X, and let g:
)Y is dense in X, and that G is generated by G c and the range g(Z d ) of g. Let Z be the normal closure of Y in X; then for any f ∈ C(X), λ(n) =
Proof. Let f ∈ C(X) and let ε > 0; we have to show that the set n ∈ Z d :
f by a close function we may assume that f is Lipschitz, so that C = sup x =y |f (x) − f (y)|/ dist(x, y) is finite. Choose Malcev's coordinates in G c , and let Q ⊂ G c be the corresponding fundamental cube. Since Z is normal in X, aZ = bZ whenever a = b mod Γ, and a∈Q aZ is a partition of X.
We first want to determine for which a ∈ G one has aY f aY dµ aY − aZ f dµ aZ ≥ ε. For every b ∈ Q, by Proposition 1.1, applied to the nilmanifold bZ, there exist proper subnilmanifolds V b,1 , . . . , V b,r b of Z such that W f dµ W − bZ f bZ dµ bZ < ε/2 whenever W is a subnilmanifold of bZ with b ∈ W ⊆ bV b,i , i = 1, . . . , r b . By continuity, for each b ∈ Q there exists a neighborhood U b of b such that for all a ∈ U b , W f dµ W − aZ f dµ aZ < ε whenever a ∈ W ⊆ aZ and W ⊆ aV b,i , i = 1, . . . , r b . Using the compactness of the closure of Q, we can choose
for any b ∈ Q, for any subnilmanifold W of bZ with b ∈ W ⊆ V one has W f dµ W − bZ f dµ bZ < ε. Now let a ∈ G, and let b ∈ Q be such that a = b mod Γ. Then aY ⊆ aZ = bZ, thus, if aY ⊆ bV , then aY f dµ aY − aZ f dµ aZ < ε. Hence, aY f dµ aY − aZ f dµ aZ ≥ ε only if (a1 X , aY ) ⊆ (b1 X , bV ) for some b ∈ Q. Let N = (b1 X , bV ), b ∈ Q ; we have to prove that the the set n ∈ Z d : (g(n)1 X , g(n)Y ) ⊆ N has zero uniform density in Z d . For this purpose we are going to find the closure of the sequence Y n = (g(n)1 X , g(n)Y ), n ∈ Z d , (more exactly, of the union n∈Z d Y n ), the orbit of the subnilmanifold Y = (1 X , Y ) of X × X under the polynomial action (g(n), g(n)), n ∈ Z d . Assume for simplicity that the closure R of the orbit g(n)1 X , n ∈ Z d is connected, and let P be the closed connected subgroup of G such that π(P ) = R. (If R is disconnected we pass to a sublattice of Z d and its cosets to deal with individual connected components of R.) We will also assume that Y ∋ 1 X .
Proof. Let L be the closed connected subgroup of G such that π(L) = Z, and let K = (a, au), a ∈ P, u ∈ L ; since L is normal in G, K is a (closed rational) subgroup of G × G, and we have
, and we have to show that the sequence ( Y n ) is dense in D. For this it suffices to prove that the image of this sequence is dense in the maximal torus
, and the torus T is the factor of the commutative group K/[K, K] by the image Λ in this group of the lattice Γ × Γ. Let H be the closed connected subgroup of G such that
By assumption, G is generated by G c and g. Since the orbit {g(n)Z, n ∈ Z d } is dense in X and Z is normal, the orbit {g
The closure B of the image of the sequence ( Y n ) in T is a subtorus of T . Since the sequence g(n)1 X is dense in R = π(P ), the subtorus
T is the closure of the image of the sequence (g(n)1 X , g(n)1 X ) and so, is contained in B. Also, the subtorus
Theorem 3.3. Let X = G/Γ be an r-step nilmanifold, let Y be a subnilmanifold of X, let g be a polynomial sequence in G of naive degree ≤ s, let f ∈ C(X). Then the sequence
Proof. We may assume that Y ∋ 1 X . After replacing f by f (g(0)x), x ∈ X, we may assume that g(0) = 1 X . We may also replace X by the closure of the orbit g (Z d )Y , and we may assume that G is generated by G c and the range of g.
First, let X and Y be both connected. Let Z be the normal closure of Y in X; then by Proposition 3.1,
r,s , and the assertion follows from Lemma 2.1. Finally, if Y is disconnected and Y 1 , . . . , Y r are the connected components of Y , then
, and the result holds since it holds for Y 1 , . . . , Y r .
Integrals of null-and of nil-sequences
We start with integration of null-sequences:
Lemma 4.1. Let (Ω, ν) be a measurable space and let Ω −→ Z, ω → λ ω , be an integrable mapping. Then the sequence λ(n) = Ω λ ω (n) dν is in Z as well.
(We say that a mapping Ψ: Ω −→ l ∞ is integrable if it is measurable and Ω Ψ dν < ∞.)
For nilsequences we have:
Proposition 4.2. Let (Ω, ν) be a measure space and let Ω −→ N , ω → ϕ ω , be an integrable mapping. Then the sequence ϕ(n) = Ω ϕ ω (n) dν belongs to M. (If, for some r, ϕ ω ∈ N r for all ω, then ϕ ∈ M r .)
We will reduce this assertion to a statement concerning a sequence of measures on a nilmanifold. To simplify notation, let us start with the case d = 1. Since M is closed, we may replace the nilsequnces ϕ ω by close basic nilsequences, so we will assume that ϕ ω ∈ N o for all ω (and the mapping ω → ϕ ω is integrable (1) ). For each ω ∈ Ω choose (in a measurable way) a nilmanifold X ω = G ω /Γ ω , an element a ω ∈ G ω , and a function h ω ∈ C(X ω ) such that ϕ ω (n) = h ω (a n ω 1 X ω ), n ∈ Z. There exist only countably many non-isomorphic nilmanifolds, thus Ω is partitioned to measurable subsets Ω 1 , Ω 2 , . . . on each of which X ω is constant. For ϕ i = Ω i ϕ ω dν(ω), i ∈ N, we have ϕ = ∞ i=1 ϕ i , and it suffices to prove the assertion for each of the ϕ i . So, after replacing Ω by Ω i and ϕ by ϕ i for some i, we will assume that X ω = X = G/Γ is constant. Next, let H(ω, x) = h ω (x), ω ∈ Ω, x ∈ X; then ϕ(n) = Ω H(ω, π(a n ω ))dν(ω), n ∈ Z, where π is the factor mapping G −→ X. Choose a basis f 1 , f 2 , . . . in C(X); the function H is representable in the form
, where convergence is uniform with respect to x for any ω; we are done if we prove the assertion for the functions
(Ω) and f ∈ C(X); we have to show that the sequence ϕ(n) = Ω θ(ω)f (π(a n ω )) dν(ω) is in M. We may also assume that θ ≥ 0. Let τ : Ω −→ G be the mapping defined by τ (ω) = a ω , and let ρ = τ * (θν); then ρ is a finite measure on G and ϕ(n) = G f (π(a n )) dρ(a). Thus, Proposition 4.2 will follow from the following:
Proposition 4.3. Let X = G/Γ be a nilmanifold, let ρ be a finite Borel measure on G, and let f ∈ C(X). Then the sequence
Proof. We may and will assume that X is connected. Letρ = π * (ρ); we decomposeρ in the following way:
Lemma 4.4. There exists an at most countable collection V of connected subnilmaniolds of X (which may include X itself and singletons) and finite Borel measures ρ V , V ∈ V, on G such that ρ = V ∈V ρ V and for every V ∈ V, supp(ρ V ) ⊆ V andρ V (W ) = 0 for any proper subnilmanifold W of V , whereρ V = π * (ρ V ).
Proof. Let V 0 be the (at most countable) set of the singletons V = {x} in X (connected 0-dimensional subnilmanifolds of X) for whichρ(V ) > 0. For each V ∈ V 0 let ρ V be the restriction of ρ to π −1 (V ) (that is,ρ V (A) = ρ(A ∩π −1 (V )) for measurable subsets A of G),
(1) Since the space N o is non-separable, the existence, for a fixed ε > 0, of a measurable "approximation" mapping α ε : N −→ N o satisfying sup ϕ∈N α ε (ϕ) − ϕ ≤ ε is not automatic. However, N o is the union of (uncountably many) separable subspaces N o (X,a) = {(f (π(a n ))) n∈Z , f ∈ C(X)} that correspond to different (non-isomorphic) ergodic nilsystems (X, a) (where X is a nilmanifold and a is a translation of X), and one can show that these subspaces are mutually "relatively orthogonal". This means that for any ϕ ∈ N , if there are
where (X, a) is a common factor of (X 1 , a 1 ) and (X 2 , a 2 ). This allows one to choose α ε (ϕ) in the space N o (X,a) with X of the minimal possible "complexity", and, since this space is separable, in a measurable way. All our further reductions can also be made in a measurable way, and we will be skipping the corresponding details.) and let ρ 1 = ρ − V ∈V 0 ρ V andρ 1 = π * (ρ 1 ). Now let V 1 be the (at most countable) set of connected 1-dimensional subnilmanifolds of X for whichρ 1 (V ) > 0, for each V ∈ V 1 let ρ V be the restriction of ρ 1 to π −1 (V ), and ρ 2 = ρ − V ∈V 1 ρ V ,ρ 2 = π * (ρ 2 ). (Note that for V 1 , V 2 ∈ V 1 , the subnilmanifold V 1 ∩ V 2 , if nonempty, has dimension 0, soρ 1 (V 1 ∩ V 2 ) = 0.) And so on, by induction on the dimension of the subnilmanifolds; at the end, we put
By Lemma 2.3, it suffices to prove the assertion for each of ρ V instead fo ρ. So, we will assume that the measure ρ is supported by a connected subnilmanifold V of X and ρ(W ) = 0 for any proper subnilmanifold W of V .
First, let V = X:
Lemma 4.5. Let ρ be a finite Borel measure on G such that forρ = π * (ρ) one has ρ(W ) = 0 for any proper subnilmanifold W of X. Then for any f ∈ C(X) the sequence ϕ(n) = G f (π(a n )) dρ(a), n ∈ Z, converges to X f dµ X in uniform density.
Proof. We may assume that X f dµ X = 0; we then have to show that ϕ is a null-sequence. Let (Φ N ) be a Følner sequence in Z. By the dominated convergence theorem we have
where D is the (countable) set of proper subnilmanifolds of X × X containing 1 X×X . Let D ∈ D; then either for any x ∈ X the fiber W ′ x = {y ∈ X : (x, y) ∈ D} of D over x is a proper subnilmanifold of X, or for any y ∈ X the fiber W ′′ y = {x ∈ X : (x, y) ∈ D} of D over y is a proper subnilmanifold of X, (or both). Since, by our assumption,ρ(W ) = 0 for any proper subnilmanifold W of X, in either caseρ
|ϕ(n)| 2 = 0, which means that ϕ ∈ Z.
Thus, in this case, ϕ is a constant plus a null-sequence, that is, ϕ ∈ M o . Let now V be of the form V = cY , where Y is a (proper) connected subnilmanifold of X with 1 X ∈ Y and c ∈ G c . We may and will assume that the orbit {c n Y, n ∈ Z} of Y is dense in X. Let Z be the normal closure of Y in X. In this situation the following generalization of Lemma 4.5 does the job: Lemma 4.6. Let Z be a normal subnilmanifold of X and let c ∈ G be such that {c n Z, n ∈ Z} is dense in X. Let ρ be a finite Borel measure on G such that forρ = π * (ρ) one has supp(ρ) ⊆ cZ andρ(cW ) = 0 for any proper normal subnilmanifold W of Z. Let ϕ(n) = G f (π(a n )) dρ(a), n ∈ Z, let X = X/Z, and letf = E(f | X). Then ϕ −f (π(c n )) ∈ Z.
Proof. After replacing f by f −f we will assume that E(f | X) = 0; we then have to prove that ϕ is a null-sequence. Let L = π −1 (Z) . Let (Φ N ) be a Følner sequence in Z; as in Lemma 4.5, we obtain
where
Let us "shift" ρ to the origin, by replacing it by c −1 * ρ(a), a ∈ G, so that now supp(ρ) ⊆ L, supp(ρ) ⊆ Z, and
For a, b ∈ L, the sequence u n = π ×2 ((ca) n , (cb) n ), n ∈ Z, is contained in X × X X = (x, y) : δ(x) = δ(y) , where δ is the factor mapping X −→ X. If this sequence is well distributed in X × X X, then F (a, b) = X× X X f ⊗f dµ X× X X = X E(f | X)E(f| X) dµ X = 0. So, F (a, b) = 0 only if the sequence (u n ) is not well distributed in X × X X, which only happens if the image (ũ n ) of (u n ) is not well distributed in the nil-maximal factor-torus T of X × X X. Using additive notation on T we haveũ n = nc + nã + nb, n ∈ Z, where T contains the direct sum S ⊕ S of two copies of a torus S,ã ∈ S ⊕ {0},b ∈ {0} ⊕ S, and the sequence (nc) is dense in the factor-torus T /(S ⊕ S). The sequence (ũ n ) is not dense in T only if the point (ã,b) is contained in a proper subtorus R of S ⊕ S, and either for eachx ∈ S the fiber {ỹ ∈ S : (x,ỹ) ∈ R} is a proper subtorus of S, or for eachỹ ∈ S the fiber {x ∈ S : (x,ỹ) ∈ R} is a proper subtorus of S (or both). Without loss of generality, assume that the first possibility holds. Then, returning back to X × X X, we obtain that the sequence (u n ) is not well distributed in this space only if the point π ×2 (a, b) is contained in a subnilmanifold D (the preimage of the torus R) in Z × Z with D ∋ 1 X× X X such that for every x ∈ Z the fiber W x = {y ∈ Z : (x, y) ∈ D} is a proper normal subnilmanifold of Z. Since, by our assumption,ρ(W x ) = 0 for all x, we haveρ functions h i = f i ⊗f i , i = 1, . . . , k, we obtain that for any Følner sequence (Φ N ) in Z
